We consider the expected violations of Bell inequalities from random pure states. More precisely, we focus on a slightly generalised version of the CGLMP inequality, which concerns Bell experiments of two parties, two measurement options and N outcomes and analyse their expected quantum violations from random pure states for varying N , assuming the conjectured optimal measurement operators. It is seen that for small N the Bell inequality is not violated, while for larger N it is. Using techniques from random matrix theory this is obtained analytically for small and large N and numerically for intermediate N . The results show a beautiful interplay of different aspects of random matrix theory, ranging from the Marchenko-Pastur distribution and fixed-trace ensembles to the O(n) model. Introduction -In quantum information theory "nonclassical" properties of a quantum system are of importance for many of its applications [1] . There are different ways of classifying what is meant by a state of quantum system to be "non-classical". Let us focus on a composite system AB made up of two sub-systems A and B which for simplicity we assume to have Hilbert spaces of equal dimension N . One quantity classifying the "non-classical" correlations between A and B is entanglement entropy [2], measured by the von Neumann entropy of the reduced density matrix of either sub-system. In the above case that both of the subsystems are N -dimensional, its maximum value is log N and the state with this entropy is referred to as the maximally entangled state. Another measure for "non-classicality" of a quantum system is given by the violations of Bell inequalities. Besides Bell's original inequality [3] , one of the most well-know Bell inequalities is the so-called CHSH inequality [4] which concerns a Bell experiment with two party system, Alice and Bob, each having two measurement options which can have two different outcomes. In the case of the CHSH inequality the maximal violation (under optimal measurement operators) is caused by the maximally entangled state, leading to an agreement between the both measures of "non-classicality' introduced above.
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Recently there has been a considerable interest in random pure states (see [5] and references therein) which for example emerge due to noise in the preparation of the state or when the state is evolving in time under chaotic dynamics. Since random states arise from random density matrices their formulation involves techniques from random matrix theory (RMT) (see [6] and [7, Chapter 1] for an overview). One particularly interesting aspect of random pure states of a bipartite system is that the expected value of its entanglement entropy is given by log N (1 − (2 log N ) −1 ) [8, 9] (see also [10] for the full distribution function for large N ), i.e. for large N it approaches the maximal value, associated to the maximally entangled stated. In the context of the above discussion it is interesting to consider the violations of Bell inequalities under random pure states. This letter aims to give a first account of such an analysis. Bell inequalities and their quantum violations from random pure states -A generalisation of the CHSH inequality in the case of N possible measurement outcomes is given by the CGLMP inequality [11] . It has a slightly generalised and simplified version [12] ,
where P LR (A a < B b ) denotes the probability, under local realism (LR), that the outcome of the Alice's measurement, having chosen the measurement option a = 1, 2, is less than the outcome of Bob's measurement, having chosen the measurement option b = 1, 2; both A a and B b taking values in the same set of N possible outcomes. In the case of quantum mechanics (QM), as opposed to local realism, the corresponding probabilities are given by It is well known that quantum mechanics can violate the above Bell inequality which occurs when
is less than one and the maximal violation corresponds to the minimal value of A N , which we often refer to as the minimal target value. Quantum violations of the above Bell inequality and the original CGLMP inequality were studied numerally for N > 2 [12, 13] (see also [14] for an exact result for N → ∞), where it was seen that the maximal violation is obtained for a pure state under earlier conjectured best measurement operators [11, 15] . However, for N > 2 the maximal violation is not caused by the maximally entangled state, while the optimal measurement operators remain the same for both the optimal and maximally entangled state. Let us therefore assume that the operators A k a and B l b are given by the conjectured best measurement operators and that ρ = |ψ ψ| is pure. It is useful to introduce the Schmidt decomposition of the pure state
where the so-called Schmidt coefficients {λ i } are nonnegative and normalised to i λ i = 1. Recall that the maximal entangled state has λ i = 1/N for all i = 1, ..., N . It was shown in [12] that under the above assumptions one has
with M ij = 2δ ij − 1 N P ij and P ij = sec
. Our aim is to analyse the quantum violations of the above Bell inequalities (1) for random pure states. Let us now summarise the main results which are derived in the following two sections. Assuming that the best measurements are the same as for the maximally entangled and optimal state, we can analyse the quantum violations of the Bell inequality (1) by means of expression (3). As we will see in the next section for a random pure state (rs) the Schmidt coefficients {λ i } in (2) and (3) can be related to the square singular values of random Wishart matrices which are constrained to have i λ i = 1. By using techniques from RMT we are able to calculate the expected value A N rs of (3), where the expectation value is taken with respect to the measure P rs of random pure states. This is done analytically for both N = 2 and large N , while for intermediate values of N , we compute A N rs numerically. The results are summarised in Figure 1 . Shown is the expected minimal target value A N rs under a random pure state in comparison to the minimal target value A N for the maximally entangled state, for N varying from 2 to 500. The numerical data shows that the maximally entangled state always violates the Bell inequality [12] , while for the random pure state one observes that the Bell inequality is only violated for N ≥ 8. Using techniques from RMT we obtain analytically the value for N = 2 given by A 2 rs = 3/2 − 3π/(16 √ 2) ≈ 1.083, as well as the asymptotic value as N → ∞ given by A ∞ rs = 2 − 1024 G/(9π 4 ) ≈ 0.93, with G being Catalan's constant. Below we also indicate how to analytically obtain A N rs at finite N together with the k-th moments. At this point we only note that the variance of A N under the measure of pure random states goes to zero as N → ∞. Random matrix theory and random pure states -For a bipartite system it is natural to define random pure states using the Fubini-Study measure which is essentially a random unitary matrix acting on some fixed reference state. In [9] it was shown that such a random pure state has Schmidt coefficients distributed according to the joint probability distribution function (jpdf),
where the partition function Z N is the normalisation such that
One way to arrive at the above expression is to note that the Fubini-Study measure implies that an (unnormalised) random pure state is given by |ψ = N ij=1 X ij |i A ⊗ |j B where X is a complex Wishart matrix [16] , i.e. real and imaginary parts of all entries are i.i.d. normal random variables. It is then simple to show that the reduced density matrix for either sub-system takes the form,
Since ρ A = i λ i |i A i| A and ρ B = i λ i |i B i| B , we identify the (unnormalised) Schmidt coefficients with the square singular values of X which leads to (4).
Our primary interest is in how A N rs varies with N . We begin writing down the expectation value of A N with respect to the measure (4); from (3) one gets
We first consider the case N = 2, which from the above discussion has the integral representation,
where we note that due to the permutation symmetry of the jpdf we may factor the integral out of the sum over i and j. Evaluating this expression yields,
as announced above. The behaviour of A N rs as N → ∞ can be found by a saddle point analysis of (6). Central to this approach is the eigenvalue density ρ(λ, N ) = 1 N i δ(λ − λ i ) rs of the jpdf (4) for large N . From the discussion surrounding equation (5) one sees that the spectral density is exactly the Marchenko-Pastur distribution [17] in the case of square matrices. Another route to obtain the eigenvalue density is to start from the partition function Z N associated to (4) and write the constraint as a Lagrange multiplier in the effective action. The spectral density can then be found using a saddle point analysis of the resulting Coulomb gas model. Yet another alternative is to note that the jpdf (4) is known in the literature as a fixed-trace ensemble and has been studied in the works [6, 9, [18] [19] [20] . By considering a fixed trace i λ i = t, taking the Laplace transform of expectation values with respect to t, rescaling the eigenvalues, transforming back and setting t = 1, one finds the relation,
where η i ∈ R, η = r i=1 η i and the expectation on the right hand-side is with respect to the Laguerre ensemble defined by the jpdf,
The spectral density of the Laguerre ensemble is well known and is easily obtained using loop equation techniques. This together with (9) then gives,
and µ(x) = 0 otherwise (see also [5] ). Let us remark that the fact ρ(λ, N ) ≈ N µ(N λ) shows the spacing between eigenvalues is of order 1/N as expected. We now proceed by utilising the invariance of the jpdf under permutations of the eigenvalues which allows (6) to be written as,
For N large we make the following approximations,
where G is Catalan's constant and
This leads to the result, already announced above,
Finally let us briefly sketch an approach to computing A N rs at finite N together with the k-th moments A . (16) Let P r denote the set of partitions of the set 1, 2, . . . , r and ∼ the associated equivalence relation. Then we may write,
Here, Ω p = {(i 1 , . . . , i 2k ) : i l = i l ⇐⇒ l ∼ l } and p i is i-th part of the partition p. Note we have used the invariance of (4) under permutations to rewrite the product of eigenvalues. By using (9) and making the change of variables λ i = ζ 2 i we have,
where the second expectation value is computed in the O(−2) model with the restriction that ζ i > 0. The general O(n) model has been studied in [21, 22] where it was shown that all products of resolvents could be computed in a recursive scheme known as topological recursion. We can place our problem within this framework by again using the invariance under permutation to rewrite,
By a standard inclusion-exclusion argument one can write the right hand side as products of traces. For example, if |p| = 3, we would have,
Finally we note that products of traces can be obtained directly from the asymptotic behaviour near infinity of products of resolvents. Numerical simulations -The numerical analysis is based on (5). For a fixed value of N we sample i.i.d. normal random variables as entries of the N × N complex Wishart matrix X and then numerically calculate the eigenvalues of XX † /tr(XX † ). From this we obtain a sample of {λ i } which is used to compute (3). Repeating this 1000 times and taking the sample average yields an estimate for A N rs . This procedure is done for N in the range of 2 to 500 in exponentially increasing increments, resulting in the data points in Figure 1 . It is checked that for N = 2 and N = 500 the values agree with the analytical predictions (8) and (15) respectively. Furthermore, for N = 100 we also use the 1000 samples of {λ i } to numerically check the functional form of the eigenvalue density (11) . The above numerical analysis centred around (5) is particularly useful to obtain numerical estimates of A N rs for intermediate values of N , alternatively for large N one can also simulate the Coulomb gas (4) using the Metropolis algorithm.
Discussion -In this letter we obtain the expected quantum violations of the Bell inequality (1) for Ndimensional random pure states, assuming the conjectured best measurement operators. The results, as summarised in Figure 1 , show that for small values of N the Bell inequality is not violated, while for N ≥ 8 it is.
Using techniques from RMT, in particular the relation to fixed-trace ensembles, we obtain this analytically for N = 2 and N → ∞ and numerically for an intermediate range of N . Besides the expected value at large N , using a relation to the O(n) model with n = −2, we also indicate how to obtain the corresponding result at finite N together with the higher moments. Details of this calculation will be presented elsewhere. Let us finally comment on experimental implementations. Recent experiments already analyse the quantum violations of the Bell inequality (1) for N = 3 [23] . When moving to larger N and having noise in the preparation of the state, the here presented results become potentially relevant.
